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Motivation 
The objective of this experiment is to familiarize you with the basic system modeling and concepts of 
analysis and control theory. This manual provides you the opportunity to review a number of topics such 
as dynamic system modeling approach, solution of initial value problems, basic approach for data 
analysis and curve fitting, system stability and nature of response. Some of these concepts will be 
elaborated in this manual but you MUST be familiar with the following based on the prerequisites: 

1) Basic spring, mass, and damper (SMD) system modeling. 
2) Linear differential equations, homogeneous and non-homogeneous equations.  
3) Techniques to solve homogeneous differential equations with initial conditions. 
4) Characteristic equation of a system and its physical meaning.  
5) System eigenvalues and their relation to system response and stability. 
6) Nature of various responses for a general 2nd order linear system. 
7) Basic concepts of curve fitting on experimental data set. 

Introduction 
A simple physical system can be assembled of a spring, mass, and damper (SMD). This system can 
exhibit various response characteristics depending on the values of the component parameters and the 
input provided. Considering a step input, the response can be very slow and show very little sign of 
changing. It can also settle to equilibrium very quickly and show no signs of resonance. Or, the system 
can seemingly oscillate forever. These various responses depend entirely upon the system components. 
With only three components involved, two of the values of the system can be fixed while the third can be 
changed to generate all the responses mentioned above. 

 

A large complex indeterminate structure can be divided into many smaller SMD systems. This allows the 
characterization of smaller-defined regions when subjected to excitation. When analyzed simultaneously, 
the smaller SMD systems give results similar to that seen in the actual system. This concept forms some 
of the elementary tools in Finite Element Analysis (FEA). 

 

Considering a periodic input, the response will typically act in one of two different ways. (1) The system 
will possibly resonate uncontrollably until something breaks or (2) resonate but within a limit. These two 
responses can be achieved by knowing the frequency of the periodic wave and tailoring the system. It's 
obvious that in some situations such as earthquake zones a building must be constructed so that its 
natural frequency will not match that of the ground movements. In this case the response is desired to be 
less than that of the input. In an entirely different example, the case of a guitar, the body must be built so 
as to not damp out the sound created by the resonating strings thus creating a harmonious and in some 
cases pleasant sound from the guitar. 

 

Even with only slight knowledge of buildings (or guitars) it becomes evident that the basic SMD system is 
a crucial element in determination of physical response of structures. This experiment uses an SMD 
system and provides the student the means to change a few parameters and examine the effects on the 
system response. As an added real-world benefit, the experiment requires that a relationship for damping 
ratio to number of turns of an oil-damper be found using theory and collected data. 
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Theory 
System Components 

The components that form the SMD system relate force to displacement, velocity, and acceleration. The 
component that relates force to displacement is typically called a spring. Springs are usually constructed 
of an elastic material. In most applications springs are expected to operate in a linear region. Out of this 
linear region the spring will be overloaded and experience plastic deformation and even failure if the 
loading is excessive. The spring force (fs) always acts along the line joining the two ends of the spring. 
The linear relationship between force and elongation (or contraction) is given by  

 	Δ  (1) 

where k is the spring constant, x {=x(t}) is the displacement and subscripts 1 and 2 represent the 
displacement at the two ends of the spring. The units of k are Newton per meter (N/m) or pounds per inch 
(lb/in). Within its elastic range, a spring serves as linear energy storage device. 

There are also components by which energy is dissipated from a deforming structure. These are the 
components that relate force to velocity and they are called damping mechanisms. It is an experimental 
fact that when a particle moves through a viscous fluid, such as gas, the resistive force is proportional to 
the velocity of the particle relative to the fluid properties. Provided that the motion doesn't produce a 
significant amount of heating (which could change the performance of the fluid) the damper is assumed 
to operate linearly as a function of velocity. These kinds of damping mechanisms can be described 
mathematically by  

 	Δ  (2) 

where fd is the damping force, B is the damping coefficient with units of Newton second per meter (N-
s/m) or pound second per inch (lb-sec/in). In the realm of everyday engineering, the damper always acts 
as an energy dissipater never storing or releasing energy. 

The component which relates force to acceleration is the mass and the relation is defined by Newton’s 
second law 

 ∑ 	  (3) 

where m is the mass of the particle and  ( x  ) is its acceleration. The units of mass are (N-s2/m=Kg) or 

(lb-sec2/in). The mass acts as an energy storage device, storing energy through inertia. An increased 
force applied to the mass causes a resulting acceleration and a further increase in velocity. The energy 
can be recovered from the spring by impeding the motion of the mass. As the mass slows down 
(decelerates), force (inertia) is transferred from the mass to the impeding object thus slowing down the 
mass. 

Equation of Motion 

The equation of motion of a simple spring-mass-damper system as shown in Figure 1 can be derived by 
using Newton’s laws. Newton’s second law states 

 ∑ 	 "	 (4) 

where ∑ . W is the weight of the mass and P {P(t)} is the external or excitation force: 

 ∑ 	 " ′  (5) 

The weight can be eliminated if the displacement of the system is measured relative to a static 
equilibrium position. The equation of motion can be written in the more general form according to 

 " 2 ′ / 	 (6) 

where /  is the undamped natural frequency in radians per second and / 2√  is the 
damping ratio which is dimensionless. 
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Figure 1. S-M-D System 

Free Vibration of Spring-Mass-Damper System 

In the absence of an external force (P(t) = 0) the equation of motion can be written as  

 " 2 ′ 0 (7) 

This equation can be solved for the unknown variable x {=x(t}) in different ways. By assuming that a 
solution exists in the form of  

 	 	  (8) 

Differentiating twice with respect to time t gives 

 	 	 	  and " 	 	 	 	  (9) 

Substituting back in equation (7), factoring out and canceling GtCe , yields the characteristic equation 

 2	 0 (10) 

The same result is obtained if one takes the Laplace transform of equation (7) with zero initial conditions 

 2 0 (11) 

This is simply a transform of the equation from the time domain into the Laplace domain which simplifies 
the analysis and solution for the motion of the system. Equation (11) is simply a 2nd order polynomial in 
terms of s. The solution to this equation is easily found by evaluating its roots or eigenvalues 

 , 	 1 	 1  (12) 

Depending on the magnitude of , the eigenvalues would have the following distinct solution cases:  

when..    then... 

 there will be a pure complex conjugate solution with zero real part 

 < 1 there will be a complex conjugate solution 

 = 1 there will be two real identical solutions 

 > 1 there will be two real different solutions. 

 

The location of the roots on the Real-Imaginary plane has specific relationship with both the system 
response characteristics and its stability. If the roots are located in left half plane, the system will be 
stable; in other words if the eigenvalues have negative real parts, the system response will decay and 
come to steady state. Roots in the right half plane (positive real part eigenvalues) indicate an unstable 
system. This fact is quite evident from the exponential term in the solution of the differential equation. The 
influence or effect of the location of these roots on system response is described. These different 
solutions influence the transient response of the system and the different solutions for the equation of 
motion in the time domain. 

x(t) 
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Consider  = 0 (two pure imaginary solutions) 

You are required to analyze this on your own, find the eigenvalue expressions, and think about the 
response and ramifications of a case with zero damping ratio. 

Consider  > 1 (two real different solutions) 

In physical terms, this means a large amount of damping is present in the system. This is termed as 
overdamped. With respect to the components of the system, the force that the spring applies isn’t enough 
to “out power” the mass and damper. The mass will determine how fast the spring releases its energy. 
The damper is essentially absorbing the energy of the spring faster than it is releasing it. Mathematically 
the conditions for >1 mean the quantity 2-1 is positive and the square root to this equation is real. 
Solving by transferring the Laplace domain solution for the motion back to the time domain with x0 as 
initial displacement and zero initial velocity gives a solution in the form, 

  (13) 

where , 	 1 	 

Consider  = 1 (two real identical solutions) 

Mathematically, the solution for the roots gives s1, s2 = - n. Physically, this system has a perfect match 
between the rate of energy release from the spring and the rate of energy absorption in the damper. 
Transferring the equation of motion from the Laplace domain back to time domain will give  

 	   (14) 

The coefficients D and E are found from the initial conditions. 

Consider  < 1 (a complex conjugate solution)  

Mathematically, the solution for the roots of the characteristic equation gives two imaginary solutions. In a 
physical sense the spring is releasing energy at a faster rate than the damper can absorb. The time 
domain solution can be written as 

 	  (15) 

where d  is the damped natural frequency, 1 . The coefficients, D and E, are respectively 

 and / . 

The responses for the different cases as function of  are shown in Figure 2. Keep in mind that these are 

representative responses of the performance of the SMD system as  varies. 

 

 Figure 2. Response of various values of  
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Numerical Solution of  in the S-M-D system 

Consider  > 1, overdamped 

To calculate in overdamped case one must curve fit a given set of data. Use equation (13) and sample 

data set to find  for the overdamped cases as follows. You need to pick 5 points along the experimental 
curve. Place the experimental x(t) data in a spreadsheet. Use equation (13) to calculate the theoretical 
x(t) for each data point. Base all the calculations on one value of  (you must guess a value at first). Next 
calculate the total standard error between the experimental and theoretical values of x(t). Use the solver 

in Excel to iterate the value of  which minimizes the total standard error. You are basically performing a 
curve fit to the experimental data as function of damping ratio. Be careful to normalize and/or calibrate 
your experimental data according to the instructions provided during the Q&A session. 

Consider  < 1, underdamped 

To find the damping ratio for this case the same method previously described for the overdamped case 
can be used, however, equation (15) is used instead of equation (13). Due to some outstanding 
characteristics of the response, the use of this is not needed when the damping ratio becomes small. An 
indirect approach can be used for the analysis. Since equation (15) follows an exponentially decaying 
envelope and the trigonometric functions reach a definite (maximum) value given at any one time, only 
the peaks of the curve need be used for the evaluation. Be careful to normalize and/or calibrate your 
experimental data according to the instructions provided during the Q&A session. 

Examining Figure 3, the following procedure could be followed to evaluate the expression for  as 
function of consecutive peaks and response characteristics. 

  (16) 

  (17) 

After finding the ratio / 	and with further algebraic manipulation and a simplification assumption, 

the following approximation for evaluating  is obtained 

 	 ln  (18) 

In your formal report, you must evaluate the general expression for without any assumptions based 
on the under damped response characteristics. In addition, you must evaluate the expression when one 
could select an arbitrary number of peaks, contrary to the consecutive peaks used for obtaining equation 
(18). To use this identity, you must plot the experimental data and select appropriate peaks – one or two 
periods apart. Then, you need to find the distance of the peaks from the steady state response value. If 
the peaks are more than one period apart, you should appropriately modify equation (18). You must 
perform this procedure for at least four points (consecutive is fine) to reduce errors. 

  

Figure 3. Finding  for an underdamped case. 
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Apparatus 
The Sanderson Simple Vibration Apparatus has the following characteristics: 

Mass of frame: 1.7 kg. 

Mass of slotted disks: 1.0 kg each (there are 5 disks) 

Spring #1 thickest 

Spring #2 medium 

Spring #3 thinnest 

Viscous Damper 
The damper is a combination of two plates, with the bottom plate having holes to allow the oil to pass 
through while the top plate is a solid plate to resist the flow of oil as shown in Figure 4. Depending on the 
distance between the two plates, the resistance experienced by the oil when passing through varies. 
Thus, the lesser the distance between the plates, the more will be the viscous damping force generated 
by the damper and vice versa. 

 

Figure 4. Damper 

Overview 
By using the LabVIEW programs, you can easily observe and record the motion of the Linear Variable 
Displacement Transducer (LVDT) for further data analysis. In this experiment, we use the 6008 USB data 
acquisition device from National Instruments to acquire the position from the LVDT and then export the 
data to a tab delimited (spreadsheet compatible) file. This file can be imported into a spreadsheet 
program for further analysis. 

Program Execution 

The graphical user interface is shown in Figure 5. The program is executed by clicking the “RUN” button. 
The parameters for running the program are set by using the controls in the “Execution Controls” box. 
Most importantly, the program will start acquiring data only after the “Start/Stop” button is pressed and 
will save it to a file if the “Save Data?” button is enabled. 
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Figure 5. Graphical User Interface 

Objective 
1. To provide physical evidence to the theoretically derived equations for the S-M-D system with 

emphasis on the relationship of spring constant (K) and mass (m) to frequency and damping ratio. 
2. To determine the relationship of # of turns versus  for the damper. 

Requirements 
1. Calculate and produce a table of K values for the springs. 
2. Evaluate the expression for damping ratio for an underdamped system without any simplification 

assumption. Be explicit, show your work and discuss the steps you follow. 
3. Calculate and plot the experimental frequency and undamped natural frequency versus the mass for 

each spring/mass combination (all on one graph). Note: experimental must appear as points while 
theoretical must appear as a continuous line. 

4. Calculate and plot the damping ratio versus the mass for each spring/mass combination (all on the 
same graph) 

5. Calculate the damping ratio for all cases of using the damper. Plot this versus number of turns of the 
damper on a log-normal chart. (What’s an acceptable percent difference?). 

6. Calculate the damping ratio of only oil damper when it is only open by 1 turn.  

Procedures 

General Procedure 

The following steps are applicable to all cases for data acquisition. 

1. Launch the LabVIEW program by double-clicking the “LDVT.vi” icon on the desktop. 
2. Start program execution by hitting the “Run” button (see figure 4). 
3. To record data, make sure the “Save Data” button is illuminated (click on it to change state). 
4. The “Start/Stop” button will indicate its current state.  To begin collecting data, the Start/Stop button 

must say “On” and be green in color.  
5. To save data, click on the Start/Stop button to change state to OFF.  

RUN 

Button 
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Experiment - spring constant 

In order to produce accurate results, the spring constant for each spring must be found. Perform this 
procedure EACH time you install a new spring. Do not calibrate all springs then perform experiment. 
Once a spring has been calibrated do not calibrate it again. Follow steps 1 – 5 in general procedure. 

1. Connect the spring to the upper bolt and adjust its height so the LVDT program reads a distance in 
the range of 35 to 40 mm (the main aim here is to make sure the moving mass does not hit the top or 
bottom part of the apparatus during oscillations). As a rule of thumb, the mass upper travel distance 
must be more than the lower travel distance. 

2. Make sure the damper is disconnected, all masses are removed and all bolts are snug.  
3. Note the distances as displayed by the LabVIEW program.  
4. Add three masses. Again note the distance as noted by the LabVIEW program. 
5. The spring constant will be the ratio of the change in weight to the change in distance. 

Experiment - only spring installed 

You might need to follow appropriate steps in general procedure. 

1. Remove all weights from the carriage. 
2. Install spring #1 if not installed 
3. Launch the LabVIEW program “LVDT.vi” if it is not open already 
4. Adjust the bolts at the initial position as described in step 3 of the previous section. 
5. Enable the “Save data?” button and start acquiring data by clicking the “Start/Stop” button. If 

enabled, the “Start/Stop” button will be green.  
6. Deflect the carriage downward until it stops, then release the carriage, and allow it to vibrate for 

approximately 5 seconds. Stop the program from acquiring data by clicking the “Start/Stop” button.  
7. The data will be stored in an Excel file format with a filename in a name format “Month_Day_HH-MM-

SS” indicative of when the data acquisition ended. Rename the file to a more meaningful one that will 
be easily recognized after you complete the experiment before proceeding with the next step.  

8. Add one mass and repeat step 5-8 Repeat until all five masses have been used.  
9. Repeat steps 1 - 9 for the case of springs #2 and #3 after calibrating them. Do not load Spring #3 

with more than 3.7 kg. (2 masses). 
10. Analyze the recorded data according to given instructions using a software of choice; it is 

recommended that you use a spreadsheet.  

Experiment - spring and damper installed 

You might need to follow appropriate steps in general procedure. 

1. Please follow this procedure only for spring #1 
2. Install the damper. Install two 1 kg masses. Close the damper fully (CW closed). Caution! Do not 

tighten the damper when closing.  
3. Enable the “Save data?” button and start acquiring data by clicking the “Start/Stop” button. If 

enabled, the “Start/Stop” button will be green.  
4. Deflect the carriage downwards until it stops then release.  Allow it to vibrate (or not) until equilibrium 

is reached. Stop the program from acquiring data by clicking the “Start/Stop” button. (The text “Off” is 
visible on the button) 

5. The data will be stored in an Excel file format with a filename in a name format “Month_Day_HH-MM-
SS” indicative of when the data acquisition ended. Rename the file to a more meaningful one before 
proceeding with the next step.  

6. Open the damper ¼ turn. Use the indicator on the dial of the damper to gauge the amount of turns. 
Repeat step 3-7 until 2.5 turns are evaluated.  
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7. Analyze the recorded data for turns 0.75, 1.25, 1.75, 2.25 of the damper dial (not every 0.25 turns) 
using a software of choice; it is recommended that you use a spreadsheet. Make sure you show and 
discuss the responses for all turns though. 

Nomenclature 
 = acceleration 

B = damping coefficient 

C, D, E, G = constants 

f, F, P = force 

k, K = spring constant 

m = mass 

s = differential operator, d/dt 

t = time 

w = weight 

x = distance 

 = frequency 

 = dimensionless parameter 

 = damping ratio 

Subscripts 

0 = initial 

1, 2 = positions 

d = damper or damped 

n = natural 

s = spring constant 
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